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In this work wome connections are pursued between weak and strong con- 
vergence in the spaces Cm (m-times continuously differentiable functions on I?“). 
Letf, , f 6 Cmfl, where n = I,2 ,..,, and m is a nonnegative integer. Suppose that 
the sequence {fn} converges to f relative to the weak topology of C”+i. It is shown 
that this implies the convergence of { fn} tof with respect to the strong topology 
of C”. Several corollaries to this theorem are established; among them is a 
sufficient condition for uniform convergence. A stronger result is shown to exist 
when the sequence constitutes an output sequence of a linear weakly continuous 
operator. 
INTRODUCTION 
Let X be a topological vector space. We consider two topologies on it. One is 
the initial topology. The other is the weak topology generated on X by its dual 
X’. Let {fn} be a sequence in X. If  it converges to f E X relative to the initial 
topology, then clearly it converges to f also for the weak topology. Obviously the 
converse is not necessarily true. 
We consider now X to be a Banach space. The initial topology on X is the 
norm or strong topology. If  X is a uniformly convex Banach space then the 
following connection between strong and weak convergence is known (Dunford 
and Schwartz [2, p. 741): A sequence {f,,} converges strongly (i.e., with respect 
to the norm topology) if and only if it converges to f weakly and /I fn /I converges, 
to ljfl/ , where /I ./I denotes the norm in X. Hence the additional assumption 
of the convergence of the norm is required in order to assure that a weakly 
convergent sequence actually converges strongly. 
In this work a different type of connection between strong and weak con- 
vergencies is pursued. Rather than dealing with a single space we deal with the 
family Cm of spaces. These are the spaces of m-times continuously differentiable 
functions. They were chosen in view of their following properties: 
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(1) The existence of a system of a natural embeddings among the spaces. 
More precisely, if n > m, then there existes a natural injection of 0 into CU. 
(2) Arzela’s theorem, according to which the above natural embeddings 
are compact. 
Suppose {jn} is a sequence which converges to j relative to the weak topology 
of C”, m 3 1. The question may arise as to whether an integer p can be found 
such that { jiE> converges with respect to the strong topology of CQ. In this paper 
it is shown that this question can be answered in the affirmative if the requested 
p is less than or equal to m - 1. 
A physical motivation for dealing with this question may be found in the 
consideration of the property of input-output stability of a system. Assume {j%} 
is an output sequence of an operator u whose input sequence (g,} is convergent. 
Hence, j,, = ug, . Suppose u is an operator in X which is continuous in a weak 
sense. Namely, it is continuous from X relative to the initial topology, into 
itself but this time for the weak topology. However, in order to establish stability 
we would like to have continuity for the initial topology on the range too. If u 
were a linear operator then usually initial to weak continuity implies initial to 
initial continuity (Theorem 2). But this is not in general the case when u is non- 
linear. 
The proof is based on two theorems from the theory of topological vector 
spaces. One is Mackey’s theorem [3, p. 3711, according to which the bounded 
sets for the weak topology are also bounded for the initial topology. The other 
is Arzela’s theorem [3, p. 1461 which establishes that the natural injection of 
Cm+1 into Cm is compact in the sense that bounded sets of Cm+l are relatively 
compact with respect to the relative topology induced by Cm. 
Several corollaries to the theorem are established. Among them is a sufficient 
condition for the uniform convergence of a sequence of functions. 
Although the analysis is carried out in the spaces of m-times continuously 
differentiable functions, it is conceivable that a similar result holds in a different 
setting. Mackey’s theorem is general in the sense that it holds for any locally 
convex HausdorfI space. A difficulty arises, however, with Arzela’s theorem 
which requires Cm functions. But all we need from this theorem is the fact that 
bounded sets in one space are relatively compact in another. There may be 
settings, for instance all Monte1 spaces, where this result can be obtained by 
another theorem. Another example is the family of Sobolev spaces, Hme2, for 
which Rellich’s theorem plays a role similar to that of Arzela’s theorem. 
2. NOTATION 
Let m and p be integers, co > m, p > 0, and let Cm denote the space of 
m-times continuously differentiable functions on R”. Similarly, let Ccm denote the 
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subspace of C” of functions of compact support. Two topologies will be consi- 
dered. The initial topology and the weak one. 
On Cm the initial topology is the usual norm, or in other words the strong 
topology. It is denoted by V(P). On Ccm th e situation is somewhat more involved. 
Let K be a compact subset of Rm and let C,“(K) denote the subspace of Ccm 
of the functions whose supports are contained in K. Ccm(K) is topologized by the 
norm topology V. Suppose (K,} is a nested sequence of compact subsets of R” 
which covers Rk. Namely, Ki C k, C ... C K, ... C R” and urZh, K, = Rk. 
The initial topology on Ccm is the inductice limit topology of the spaces Cc”(K,) 
(e.g., [3, P. 1321). 
The weak topology u(P), resp. u(C,~~), is the weak topology generated on the 
spaces by their respective duals. Clearly the initial topologies are stronger than 
the weak ones. 
3. THE MAIN THEOREMS 
THEOREM 1. Suppose {f,,} is a sequence in Cl”+l converging to f E Cm+1 relative 
to the weak topology u(Cm+l). Then {fa> converges to f with respect to the strong 
topology V( Cm). 
Proof. Let S denote the set which is equal to the union of {fn} and f. By the 
hypothesis S is compact for the u(P+l) topology. Hence it is u(Cm+l) bounded. 
Invoking Mackey’s theorem [3, p. 3711, S is bounded also for ~(@+l) topology. 
By Arzela’s theorem [3, p. 1461 it follows that 5’ is relatively compact for the 
~(0) topology. Since {fJ was assumed to converge with respect to the u(P+l) 
topology, it is also convergent for the u(0) topology which is weaker than the 
former topology. 
Now consider s, the closure of S relative to the ~(0) topology. In view of the 
above it is a compact set. Clearly u(P) is weaker than ~((2’~). Hence, by a well- 
known theorem on continuous mappings on compact sets (e.g. [3, p. 511) it 
follows that, on s, the two topologies u(C~) and u(P) coincide. But {fn} con- 
verges for the u(P) topology. Consequently it also converges relative to the 
V(P) topology, which completes the proof. 
COROLLARY 1. The same theorem holds it the spaces Cm and Cqn+1 are replaced 
by C,mC~+l, respectively. 
Proof. Arzela’s theorem holds also for the injection of C,n”+’ into C,93, 
p. 1481. Mackey’s theorem is applicable too. Hence the proof follows along 
the same lines as the proof of the theorem. 
COROLLARY 2. Let {fn} be a sequence and f an element in C* (or Ccm). Suppose 
that {f,,} converges weakly to f. Then if,,} converges for the strong topology. 
Proof. The proof is obvious in view of the theorem. 
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Remark. Actually a somewhat stronger statement than Corollary 2 can be 
established (see Dolezal [l]). A ccording to Dolezal, it is sufficient that the 
sequence (fn} converges to f with respect to the weak topology generated by the 
set of finite ordered distributions. Although for the case of the Cm space this is 
the same as the requirement of Corollary 2, it is a somewhat less restrictive 
requirement when CGm is considered. The proofs also differ, in the sense that 
Dolezal adopts an elementary approach, in contrast to the proof given here 
which is based on the theory of topology vector spaces. 
COROLLARY 3. Let K be a compact set of Rk. Let {fn} be a sequence and f an 
element of Cl. Suppose {fn} and also the sequence of derivatives {fat} are bounded and 
also the sequence of derivatives (fn’} are bounded and pointwise convergent on K, 
where f is the limit of {fn>. Then {fn) converges to f  uniformly on K. 
Proof. The hypotheses concerning the convergence of the sequence {fn} 
are equivalent to the weak convergence of (fn} in C?(K) (e.g. [2, p. 2651). Hence 
the corollary follows directly from the theorem. 
More powerful results are obtainable if {fn} is assumed to be an output 
sequence of a linear.and continuous operator. More precisely, let {fn} be a 
sequence in C”. We shall say that it is an output sequence if there exist a linear 
operator L which maps CP into C” and a sequence (g,} in 0, such that fn = Lgn . 
THEOREM 2. Let { fn} be a weakly convergent sequence in Cm. Suppose fn = Lgn , 
where L is a linear and continuous operator from CP for the strong topology into Cm 
relative to the weak topology and {g,> is a strongly convergent sequence in CD. Then 
{fn) converges strongly in C” to a f  E Cm. 
Proof. The proof is based on the closed graph theorem. The operator L 
is closed for the strong topologies on the domain and range spaces. Indeed, let 
{h,) be a sequence which converges strongly to h in CP, such that {Lhm} is 
strongly convergent in C m to say g. We have to show that g = Lh. But, by the 
assumed continuity of L, {Lh,) converges weakly in Cm to Lh. Since the limit is 
unique in a Hausdorff space we have the desired property. 
The application of the closed graph theorem establishes the continuity of L 
with respect to the strong topology of P. Since, {g,} is assumed to be strongly 
convergent in 0’ and fiz = Lgn , we have in fact that {fn} converges strongly in 
C*b, which completes the proof. 
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